We exactly gauge-fix the Hamiltonian for the SU(N) lattice gauge field and eliminate the redundant gauge degrees of freedom. The gauge-fixed lattice Hamiltonian, in particular for the Coulomb gauge, has many new terms in addition to the ones obtained in the continuum formulation.
INTRODUCTION
The Hamiltonian for QCD (quantum chromodynamics) has been widely studied using the lattice and continuum formulations.
In a remarkable paper by Drell,' a derivation was given of the running coupling constant of QCD using the continuum Hamiltonian; this calculation used weak field perturbation theory and the Coulomb gauge. The mathematical treatment of gauge-fixing the Yang-Mills
Hamiltonian goes back to Schwinger ;2 the more recent paper by Christ and Lee3
gives a clear and complete treatment of gauge-fixing the continuum gauge field
Hamiltonian.
The continuum Hamiltonian has until now been given no regulation which preserves gauge invariance; for the one-loop calculation carried out by Drelll and Lee,3 a momentum cut-off is sufficient to ensure renormalizability. However, for two-loops and higher it is known that a momentum cut-off violates gaugeinvariance and renders the theory non-renormalizable; for the action formulation it is known that dimensional regularization of the Feynmann diagrams4 is sufficient to renormalize the action. For the Hamiltonian, there is no analog of dimensional regularization and hence it is not clear how to regulate continuum QCD Hamiltonian to all orders.
The lattice Hamiltonian516 is regulated to all orders and could be used for calculations involving two loops or higher. If we want to analyze the lattice Hamiltonian using weak coupling approximation, it is necessary to fix a gauge, for example the Coulomb gauge. Gauge-fixing the action of the lattice gauge -&eory has been solved,7 and in this paper we extend gauge-fixing to the lattice Hamiltonian. Gauge fixing essentially involves only lattice gauge-field and the quarks enter only through the quark color charge operator. So we will essentially .study only the gauge field and introduce the quark fields when necessary.
Gauge-fixing the lattice Hamiltonian is very similar in spirit to gauge-fixing the continuum Hamiltonian; this similarity can be clearly seen in the action formulation.7l8 For the Hamiltonian we will basically follow the treatment given by Christ and Lee.3 There are, however, significant differences between the lattice and continuum Hamiltonians both for the kinetic operator and the potential term.
The lattice gauge field is defined using finite group elements of SU(N) as the fundamental degrees of freedom whereas the continuum uses only the infinitesimal elements of SU(N). Th' is d'ff 1 erence will introduce a lot of extra complications.
Given appropriate generalized interpretation of the basic symbols, it will turn out however that the form of the gauge-fixed continuum and lattice Hamiltonians are very similar.
In Sec. 2 we discuss the Hamiltonian and give a construction of the chromoelectric field operator. We then discuss Gauss's Law for the system. In Sec. 3
we perform a change of variable and eliminate the redundant gauge degrees of freedom. In Sec. 4 we evaluate Gauss's Law for the new variables and find that the constrained variables decouple exactly from the Gauss's constraint. In Sec.
3 we evaluate the gauge-fixed lattice Hamiltonian, discuss operator ordering and introduce the quark charge operator. In Sec. 6 we discuss the main feature of our results. The operators EF and E," are first order hermetian differential operators with the commutation equation6
where Rab is the adjoint representation, Xa the generators and C&c the structure constants of SU(N).
The operator pna ($3 +, U) is the lattice quark color charge operator6 and We see from above that Di performs a finite rotation Rab on the ket vector and then displaces it in the backward direction.
We write the Hamiltonian as sum of the kinetic and potential energy, that is
where
and P is the rest of (2.la). It is known that9 .
From the definitions of Di and Pi given in (2.7) and (3.21) respectively, we have (4.10)
Hence, effective wave-functional with no Jacobian is3,1ov11
and effective operator is
such that (fDlGl@) = (i@li) (4.14)
GAUGEFIXED LATTICE HAMILTONIAN
We need to evaluate the kinetic operator given from (2.9), (2.10) and (2. For the lattice, presumably the same phenomena exists, and hence the gauge-fixed lattice Hamiltonian is at least valid for weak gauge field configurations.3
One can also choose the spatial axial gauge for the lattice, but this still leaves a residual gauge-invariance which is difficult to impose.14 6. SUMMARY
We exactly gauge-fixed the non-abelian lattice Hamiltonian, and obtained a theory which is regularized to all orders and hence the eigenenergies and eigenfunctionals can be renormalized order by order using weak coupling perturbation theory. 15 The gauge-fixed form is particularly suited for weak coupling perturbation theory. We can also study the Gribov problem on the lattice using the gauge-fixed lattice Hamiltonian.
The gauge-fixed (Coulomb) lattice Hamiltonian can be used to study non- 
